Background-Independent Gravitational Waves by Agresti, Juri et al.
ar
X
iv
:g
r-q
c/
03
02
08
5v
1 
 2
0 
Fe
b 
20
03
Background-Independent Gravitational Waves.
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A Hamiltonian linearization of the rest-frame instant form of tetrad gravity, where the Hamilto-
nian is the weak ADM energy EADM , in a completely fixed (non harmonic) 3-orthogonal Hamiltonian
gauge is defined. For the first time this allows to find an explicit solution of all the Hamiltonian con-
straints and an associated linearized solution of Einstein’s equations. It corresponds to background-
independent gravitational waves in a well defined post-Minkowskian Christodoulou-Klainermann
space-time.
ADM canonical gravity has always been important for
the Cauchy problem and for the interpretation of general
relativity, but till now it has not produced new exact
solutions of Einstein’s equations due to the difficulty in
solving its first class constraints. Instead recently there
have been the first attempts to use it for numerical sim-
ulations of stars and of the coalescence of binary sys-
tems of neutron stars and/or black holes. In this letter
we will show that it is possible to find an approximate
solution of all the constraints and then of vacuum Ein-
stein equations by defining a Hamiltonian linearization
of ADM tetrad gravity in a completely fixed Hamilto-
nian gauge, corresponding to a system of non-harmonic
4-coordinates. This approximate solution corresponds
to a background-independent gravitational wave and de-
fines a post-Minkowskian space-time, linearization of a
Christodoulou - Klainermann space-time [1]. Here only
the general method and the main results will be stated,
since all the detailed calculations are contained in Ref.[2].
As shown in Ref.[3], it is possible to define a rest-
frame instant form of ADM metric gravity, without or
with matter, for globally hyperbolic, topologically triv-
ial, asymptotically flat at spatial infinity space-times, in
such a way that in the limit of vanishing Newton constant
the rest-frame instant form of parametrized Minkowski
theories [4] is recovered. This is possible if the allowed
3+1 splittings of the space-time are associated with folia-
tions whose leaves are space-like hyper-surfaces Σ
(WSW )
τ
[named Wigner-Sen-Witten (WSW) surfaces [2]; τ is a
mathematical time labeling the leaves; ~σ are curvilinear
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coordinates on Στ ] tending, in a direction-independent
way, to Minkowski hyper-planes orthogonal to the ADM
4-momentum at spatial infinity [5]. The SPI group
of asymptotic symmetries at spatial infinity is reduced
to the Poincare` group with the strong ADM Poincare`
charges as generators. The 4-metric is assumed to have
a well defined direction-independent limit at spatial in-
finity. It can be shown [3] that in the rest-frame instant
form of gravity the Dirac Hamiltonian, after the addi-
tion of a suitable surface term and a suitable splitting
of the lapse and shift functions in asymptotic and bulk
parts, is weakly equal to the weak ADM energy (see also
Ref.[6]), which is an integral over 3-space, weakly equal
to the strong ADM energy (surface form). In Ref.[7], af-
ter the introduction of a new parametrization of tetrad
gravity [8], its rest-frame instant form is introduced. In
this form of dynamics we have the extra constraints
~PADM ≈ 0 , defining the rest frame of the universe like
in Christodoulou - Klainermann space-times.
The canonical variables of this re-formulation of tetrad
gravity are 3 boost parameters ϕ(a)(τ, ~σ), 3 angles
α(a)(τ, ~σ), the bulk parts n(τ, ~σ), nr(τ, ~σ) of the lapse
and shift functions, cotriads 3e(a)r(τ, ~σ) over Σ
(WSW )
τ
and the 16 conjugate momenta. There are 14 first class
constraints: 7 are given by the vanishing of the boost,
lapse and shift momenta; 6 are the generators of rota-
tions and passive 3-diffeomorphisms and the last one is
the super-hamiltonian constraint. This last constraint is
the generator of the Hamiltonian gauge transformations
which modify an allowed 3+1 splitting of space-time into
another allowed one: as a consequence the physical re-
sults are independent from the choice of the 3+1 split-
ting. It can be shown [3] that the super-hamiltonian con-
straint is an equation for the determination of the confor-
mal factor φ(τ, ~σ) = det( 3g(τ, ~σ) )1/12 of the 3-metric on
Στ , namely it has to be interpreted as the Lichnerowicz
2equation.
By means of a point Shanmugadhasan canonical trans-
formation [9] 13 constraints (with the exception of the
super-hamiltonian one) become momenta of the new
canonical basis (Abelianization of the first class con-
straints). The conjugate variables are 13 Abelianized
gauge variables (describing generalized inertial effects).
The canonical basis is completed with i) the conformal
factor φ(τ, ~σ) (to be determined by the Lichnerowicz
equation) and πφ(τ, ~σ); ii) two (non-tensorial) conjugate
pairs ra¯(τ, ~σ), πa¯(τ, ~σ), a¯ = 1, 2, of Dirac observables
(DO; the deterministically predictable degrees of freedom
of the gravitational field, describing generalized tidal ef-
fects). See Refs.[3, 7, 10] for the interpretational prob-
lems.
By adding 14 suitable gauge fixing constraints (one
of them must be πφ(τ, ~σ) ≈ 0), we get a completely
fixed 3-orthogonal Hamiltonian gauge in which the 3-
metric is diagonal. It corresponds, on the solutions
of Einstein’s equations, to a unique non-harmonic 4-
coordinate system [2]. In this radiation gauge all 4-
tensors are expressed only in terms of the two pairs of
conjugate DO ra¯(τ, ~σ), πa¯(τ, ~σ). In particular we get
3grs = δrs φ
4 exp( 2√
3
∑
a¯ γa¯r ra¯), where the γa¯r’s are
suitable constants. The DO ra¯(τ, ~σ) replace the two po-
larizations of the harmonic TT gauge. Let us remark
that in absence of a background we do not have a theory
of a spin 2 wave propagating over Minkowski space-time
but a genuine Einstein space-time.
It can be shown [2] that in the new canonical basis
the solution of the 6 rotation and super-momentum con-
straints reduces to solve a set of quasi-linear partial differ-
ential equations of elliptic type. Instead the Lichnerowicz
equation becomes a in-tractable integro-differential equa-
tion for φ(τ, ~σ). Also the bulk lapse and shift functions
are determined by integral equations.
Then, without never introducing a background 4-
metric, we make a weak field approximation and a Hamil-
tonian linearization by systematically discarding terms of
order O(r2a¯) in the Lichnerowicz equation and O(r
3
a¯) in
the weak ADM energy.
A) We assume |ra¯(τ, ~σ)| << 1 on each WSW hyper-
surface and |∂ura¯(τ, ~σ)| ∼ 1LO(ra¯), |∂u∂vra¯(τ, ~σ)| ∼
1
L2O(ra¯), where L is a big enough characteristic length
interpretable as the reduced wavelength λ/2π of the re-
sulting gravitational waves. Since the conjugate momenta
πa¯(τ, ~σ) have the dimensions of
action
L3 , i.e. of
k
L with
k = c
3
16πG , we assume |πa¯(τ, ~σ)| ∼ kLO(ra¯), |∂uπa¯(τ, ~σ)| ∼
k
L2O(ra¯), |∂u∂vπa¯(τ, ~σ)| ∼ kL3O(ra¯). Therefore, ra¯(τ, ~σ)
and πa¯(τ, ~σ) are slowly varying over the length L (for
ra¯, πa¯ → 0 we get the void space-times of Ref.[3]). It
can be shown [2] that the Riemann tensor of our space-
time is of order 1Lk O(πa¯) =
1
L2 O(ra¯) ≈ R−2, where R
is the mean radius of curvature. Therefore the require-
ments of the weak field approximation are satisfied: i)
A = O(ra¯), if A is the amplitude of the gravitational
wave; ii) LR = O(ra¯), namely
λ
2π << R.
B) We also assume q(τ, ~σ) = 2 ln φ(τ, ~σ) ∼ O(ra¯),
∂uq(τ, ~σ) ∼ 1LO(ra¯), ∂u∂vq(τ, ~σ) ∼ 1L2O(ra¯), so that
we get φ(τ, ~σ) = eq(τ,~σ)/2 ≈ 1 + 12q(τ, ~σ) + O(r2a¯) for
the conformal factor. The Lichnerowicz equation be-
comes the linear partial differential equation △q(τ, ~σ) =
1
2
√
3
∑
ua¯ γa¯u∂
2
ura¯(τ, ~σ) +
1
L2O(r
2
a¯) for q(τ, ~σ), whose so-
lution vanishing at spatial infinity is
q(τ, ~σ) =
−1
2
√
3
∑
ua¯
γa¯u
∫
d3σ1
∂21ura¯(τ, ~σ1)
4π|~σ − ~σ1| +O(r
2
a¯). (1)
Then we are able to solve the quasi-linear partial differ-
ential equations equivalent to the 6 rotation and super-
momentum constraints. Their solution implies that the
cotriad momenta have the following expression in terms
of DO’s
3πr(a)(τ, ~σ) =
√
3
∑
a¯
γa¯rδ
r
(a)πa¯(τ, ~σ) + (2)
+
√
3
2
[1− δr(a)]
∑
a¯u
γa¯u[1− 2(δru + δau)] ·
· ∂
2
(∂σu)2
∫ ∞
σr
dσr1
∫ ∞
σa
dσa1 πa¯(τ, σ
r
1σ
a
1σ
k 6=r,a) +O(r2a¯),
with the restriction
∫ +∞
−∞ dσ
r πa¯(τ, ~σ) = 0, r = 1, 2, 3.
Hamilton equations are compatible with these restric-
tions if we also have
∫ +∞
−∞ dσ
r ra¯(τ, ~σ) = 0.
The integral equations for the lapse and shift functions
yield the following solutions [the signature of the 4-metric
is ǫ(+ − −−) with ǫ = ±1] N(τ, ~σ) = −ǫ + n(τ, ~σ) =
−ǫ+O(r2a¯), Nr(τ, ~σ) = nr(τ, ~σ) = −ǫ 4gτr(τ, ~σ) and
nr(τ, ~σ) =
∂
∂σr
(2√3πG
c3
∑
a¯v
γa¯v
[ ∑
ua,u6=a
[1−2(δuv+δav)]
∫ σu
−∞
dσu1
∫ σa
−∞
dσa1
∫ ∞
σu
1
dσu2
∫ ∞
σa
1
dσa2
∂2πa¯(τ, σ
u
2σ
a
2σ
k 6=u,a
2 )
(∂σv2)
2
|σk
2
=σk −
− 2
∑
u6=r
[1− 2(δuv + δrv)]
∫ σr
−∞
dσr1
∫ σu
−∞
dσu1
∫ ∞
σr
1
dσr2
∫ ∞
σu
1
dσu2
∂2πa¯(τ, σ
r
2σ
u
2σ
k 6=r,u
2 )
(∂σv2 )
2
|σk
2
=σk
])
+O(r2a¯). (3)
After the solution of all the constraints (super- hamiltonian one included), the 4-metric of our linearized
3space-time, in Σ
(WSW )
τ -adapted coordinates, in our 3-
orthogonal gauge, becomes (the form of a perturbation
of the Minkowski metric in Cartesian coordinates is used
only to visualize the deviations from special relativity)
4gAB(τ, ~σ) =
4ηAB +
4hAB(τ, ~σ). We have
4hττ (τ, ~σ) =
0 +O(r2a¯),
4hτr(τ, ~σ) = −ǫnr(τ, ~σ) and
4hrs(τ, ~σ) = − 2ǫ√
3
∑
a¯
[
γa¯rra¯(τ, ~σ)− 1
2
∑
u
γa¯u
∫
d3σ1
∂21ura¯(τ, ~σ1)
4π|~σ − ~σ1|
]
δrs +O(r
2
a¯). (4)
As said the Hamiltonian is the weak ADM energy. After the solution of all the constraints its quadratic part in the
DO’s is [see Eq.(2.15) of Ref.[2] for the xpression of the kernel T (o)u(a)r (~σ, ~σ1]
EADM =
12πG
c3
∫
d3σ
∑
a¯
[
π2a¯(τ, ~σ) +
∑
a¯b¯
∑
rs
γa¯rγb¯s
∫
d3σ1d
3σ2
∑
u
T (o)u(a)r (~σ, ~σ1)T
(o)u
(a)s (~σ, ~σ2)πa¯(τ, ~σ1)πb¯(τ, ~σ2)
]
−
− c
3
16πG
∑
r
∫
d3σ
[1
6
(∑
a¯u
γa¯u
∂
∂σr
∫
d3σ1
∂21ura¯(τ, ~σ1)
4π|~σ − ~σ1|
)2
− 1
3
∑
a¯
(
∂rra¯(τ, ~σ)
)2
+
2
3
(∑
a¯
γa¯r∂rra¯(τ, ~σ)
)2
−
− 1
3
∑
a¯b¯
∑
u
γa¯r∂rra¯(τ, ~σ)γb¯u
∂
∂σr
∫
d3σ1
∂21urb¯(τ, ~σ1)
4π|~σ − ~σ1|
]
+O(r3a¯). (5)
The rest-frame condition, i.e. the vanishing
of the weak ADM 3-momentum, is P rADM =
− ∫ d3σ ∑c¯ πc¯(τ, ~σ) ∂r rc¯(τ, ~σ) ≈ 0. Since we
are in an instant form of the dynamics both
the ADM 3-momentum and angular momentum
(JrsADM =
∫
d3σ
∑
c¯ πc¯(τ, ~σ) (σ
r ∂s − σs ∂r) rc¯(τ, ~σ))
have the same form as in a free theory. Instead the
ADM energy and boosts have a complicated form.
Notwithstanding this fact, the study of the Hamilton
equations for the DO’s imply [2] that, even if we are
not in a harmonic gauge, the ra¯(τ, ~σ) satisfy the wave
equation
 ra¯(τ, ~σ)
◦
=0. (6)
A class of solutions of the Hamilton equations vanish-
ing correctly at spatial infinity, satisfing the rest frame
condition P rADM = 0 and every restriction, is
ra¯(τ, ~σ) = (7)
= Ca¯
∫
d3k
(2π)3
(k1k2k3)
2e−~k
2
|~k|
[
e−i(|
~k|τ−~k·~σ)+ei(|
~k|τ−~k·~σ)
]
= − 4Ca¯
(2π)2
∂6
∂2σ1∂2σ2∂2σ3
(1 + |~σ|2 − τ2)
[1+(|~σ|+τ)2] [1+(|~σ|−τ)2] ,
πa¯(τ, ~σ) = −i
∫
d3k
(2π)3
(k1k2k3)
2
|~k|
e−~k
2 |~k| (8)
∑
b¯
A−1
a¯b¯
(~k)Cb¯
[
e−i(|
~k| τ−~k·~σ) − ei(|~k| τ−~k·~σ)
]
.
It describes standing waves and the two constants C1¯, C2¯
have to be expressed in terms of the two boundary con-
stants M = EADM , S = | ~JADM |, defining the mass and
spin of the post-Minkowskian space-time. In absence of
matter, the rest-frame condition destroys the transversal-
ity property of the TT harmonic gauge plane waves.
In Ref.[2], after a study of both the geodesic equation
and the geodesic deviation equation in our gauge, we
solve the latter equation numerically for a sphere of test
particles at rest around the origin of the 3-coordinates on
a WSW hyper-surface for the previous solution. We ob-
tain the two 3-dimensional deformation patterns replac-
ing the usual 2-dimensional ones for the polarization in
the TT harmonic gauge: i) in figure 1 there is the defor-
mation pattern for the case C1¯ 6= 0, C2¯ = 0, namely for
r1¯(τ, ~σ) 6= 0, r2¯(τ, ~σ) = 0; ii) in figure 2 that for the case
C1¯ = 0, C2¯ 6= 0, namely for r1¯(τ, ~σ) = 0, r2¯(τ, ~σ) 6= 0.
In the two figures are reported the snapshots at three
different times (t = −1,−0.5, 0) of the sphere of parti-
cles originally at rest (bottom) and the time evolution
(from t = −3 to t = 3) of the six particles at the inter-
section of the three axes and the sphere of particle (top),
whose initial 3-coordinates are (1, 0, 0) and (−1, 0, 0) on
the x-axis, (0, 1, 0) and (0,−1, 0) on the y-axis, (0, 0, 1)
and (0, 0,−1) on the z-axis, respectively. Only the i co-
ordinates are reported for the two particles on the i axis,
since they remain on it.
Let us remark that till now we have a treatment of
the generation of gravitational waves from a compact
localized source of size R and mean internal velocity v
only [11] for nearly Newtonian slow motion sources for
which v << c, λ2π >> R: outgoing gravitational waves
are observed in the radiation zone (far field, r >> λ2π ),
while deep in the near zone (R < r << λ2π ), for exam-
ple r ≤ 1000 λ2π , vacuum Newtonian gravitation theory
is valid. On the contrary with our approach in suit-
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FIG. 1: Deformation of a sphere of particle at rest induced
by the passage of the gravitational wave packet for C1¯ 6= 0.
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FIG. 2: Deformation of a sphere of particle at rest induced
by the passage of the gravitational wave packet for C2¯ 6= 0.
able 4-coordinates we are going to obtain a weak field
approximation but with fast relativistic motion in the
source subject to the restriction that the total invari-
ant mass and the mass currents are compatible with the
weak field requirement. This is enough to get relativis-
tic results conceptually equivalent to the re-summation
of the post-Newtonian expansion. Therefore the re-
sults about background-independent gravitational waves
in post-Minkowskian space-times open the possibility, af-
ter the introduction of matter, to study the emission of
gravitational waves from relativistic sources without any
kind of post-Newtonian approximation. For instance this
is the case for the relativistic motion (but still in the weak
field regime) of the binaries before the beginning of the
final inspiral phase: it is known that in this phase the
post-Newtonian approximation does not work and that,
till now, only numerical gravity may help. In a future
paper we will add a relativistic perfect fluid, described
by suitable Lagrangian [12] or Eulerian [13] variables,
to tetrad gravity, we will define a Hamiltonian lineariza-
tion of the system in our completely fixed 3-orthogonal
gauge, we will find the Hamilton equations for the DO’s
both of the gravitational field and of the fluid, we will
find the relativistic version of the Newton and gravito-
magnetic action-at-a-distance potentials and of the gen-
eralized tidal effects acting inside the fluid and finally, by
using a multipolar expansion, we will find the relativistic
counterpart of the post-Newtonian quadrupole emission
formula.
Moreover we will have to explore whether our Hamilto-
nian approach is suitable for doing Hamiltonian numeri-
cal gravity on the full non-linearized theory.
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